Abstract: A higher-order arch model with seven degrees of freedom per node is proposed to study the deep, shallow, thick, and thin composite and sandwich arches under static loads. The strain field is modeled through cubic axial, cubic transverse shear, and linear transverse normal strain components. As the cross-sectional warping is accurately modeled by this theory, it does not require any shear correction factor. The stress-strain relationship is derived from an orthotropic lamina in a three-dimensional state of stress. The proposed formulation is validated through models with various curvatures, aspect ratios, boundary conditions, materials, and loading conditions.
Introduction
Arches and curved beams made of laminated composite and sandwich materials are being employed extensively in various industries such as automotive, aerospace, energy, medicine, sports, etc., due to their high stiffness to weight ratio, impact strength, etc. Systematic study of composite arches under various static loading conditions is a key to the development of design framework for such structures.
Some of the earlier curved element formulations were based on classical theories, which neglected the transverse shear deformation. Lee ͑1969͒ formulated a three-dimensional arch element with six degrees of freedom per node using Castigliano's theorem. Dawe ͑1974a,b͒ developed various arch element models by using different orders of polynomial such as cubic, quintic, etc., for tangential and radial displacements and compared the relative merits of these elements. Prathap studied the arch element with linearly interpolated tangential displacement and cubically interpolated radial displacement for field consistency to address membrane locking ͑Prathap 1985͒ and variational correctness ͑Prathap and Shashirekha 1993͒.
Many elements based on the shear deformable theory of Timoshenko ͑1921͒ have been reported in the open literature. Saleeb and Chang ͑1987͒ developed a linear and quadratic isoparametric elements based on hybrid-mixed formulation to study arch problems. Mode decomposition technique had been used for developing a locking free isoparametric curved beam element by Stolarski and Chiang ͑1989͒. Choi and Lim ͑1995͒ developed two-and three-noded curved beam elements based on assumed strain fields and Timoshenko beam theory. Krishnan and Suresh ͑1998͒ formulated a shear deformable curved beam element, with four degrees of freedom per node.
Stolarski and Belytschko ͑1982͒ studied the role of reduced integration in removing membrane locking in curved beam elements. Also, they investigated ͑1983͒ the shear and membrane locking phenomena in isoparametric finite elements, which are based on displacement, hybrid-stress, and mixed formulations. Babu and Prathap ͑1986͒ and Prathap and Babu ͑1986, 1987͒ offered key insights as well as the solution to the locking problem for curved beams by introducing field-consistent shear and membrane strain interpolations; also they provided a priori error models for locking errors and stress oscillations and confirmed the same through numerical experimentation. Lee and Sin ͑1994͒ reported a locking free curved beam element by choosing curvatures as nodal parameters instead of displacements, and by incorporating shear and membrane strains into the total potential energy by the force equilibrium equation.
Balasubramanian and Prathap ͑1989͒ developed a field consistent higher-order ͑wherein cubic polynomial was used for tangential, radial, as well as cross-sectional rotational degrees of freedom͒ curved beam element based on Timoshenko's theory for the analysis of stepped circular arches. Litewka and Rakowski ͑1998͒ employed analytical shape functions using algebraictrigonometric functions to develop an exact stiffness matrix for studying curved beams with constant curvature.
Ganapathi et al. ͑1999͒ developed a cubic B-spline based field consistent element for the analysis laminated curved beams. Raveendranath et al. ͑2000͒ proposed a Timoshenko's theory based field consistent two-noded curved composite beam element, which incorporates flexural, axial, and shear loadings in the plane of the beam. Matsunaga ͑2003͒ reported a global higher-order arch theory by taking transverse shear and normal stress components into account. By expanding the displacements through power series, he derived the fundamental equilibrium equations through the principle of virtual work, for laminated circular arches.
Malekzadeh ͑2009͒ studied thick laminated composite circular arches under static loads using Differential Quadrature Method. Cevik ͑2007͒ analyzed a steel fiber reinforced aluminum metalmatrix laminated composite arch under thermal loads to explore the effects of lay up angle, number of layers, stacking sequence, etc., on the residual stresses. Kim and Chaudhuri ͑2009͒ studied the large deflection behavior of symmetrically laminated thin shallow circular arch under a central concentrated load using Rayleigh-Ritz finite element method with C 1 continuity for the radial deformation and C 0 continuity for the tangential displacement.
A perusal of earlier works would reveal that the arch formulations for static loading conditions had been made either with classical theory or first-order shear deformable theory of Timoshenko. It is quite well known that the classical theory would be adequate only for thin sections. While first-order theory can handle relatively thick sections, it has serious limitations such as the need for a shear correction factor ͑Cowper 1966͒, inability to model the cross sectional warping-a key factor for sandwich constructions with stiff facings and weak cores. Also, it cannot model the variation of transverse displacement across the thickness, or in other words, the transverse normal strain.
Thus, the need for a theory capable of accurately modeling and analyzing deep composite and sandwich arches is quite evident. This paper presents a Higher-Order Arch Model ͑HOAM͒, precisely fulfilling that need.
The HOAM models the cross-sectional warping through a cubic axial strain; considers the variation of transverse displacement across the thickness through a linearly varying transverse normal strain; it also incorporates transverse shear strain, varying cubically across the cross section. This theory does not require any shear correction factor and employs standard isoparametric elements. Its elasticity matrix had been derived from an orthotropic lamina assumed to be in a three-dimensional state of stress, in such a way that even angle ply laminations can be studied using one-dimensional elements.
The HOAM is validated through the static analyses of shallow to deep and thin to thick laminated arches, with various boundary conditions. The role of curvature, aspect ratio, and end conditions on the transverse deformations of a sandwich and composite arch are investigated through parametric studies and suitable conclusions are drawn.
Theoretical Formulation
The Higher-Order Arch Model ͑HOAM͒, based on Taylor's series expansion ͑Lo et al. 1977͒, can be expressed, for an arch, as follows:
where zϭdistance from the neutral axis to any point of interest along the depth of the arch; u 0 and w 0 ϭaxial and transverse displacements in x-z plane; x ϭface rotation about the y-axis, as shown in Fig. 1 ; and u 0 * , x * , z , w 0 * ϭhigher-order terms arising out of Taylor's series expansion and defined at the neutral axis.
The total potential energy of a system can be given as
where Uϭinternal strain energy; and W is the work done by the external forces. The same can be expressed as
where
The field variables can be expressed in terms of nodal degrees of freedom as
The strain field for an arch ͑Qatu 2004͒ can be expressed as
where Rϭradius of curvature. Applying the displacement field from Eqs. ͑1͒ and ͑2͒ in the above equations, one gets 
and can be expressed in matrix form as
The strains of Eqs. ͑8͒-͑11͒ can be rewritten in a combined matrix form as
The stress-strain relationship of an orthotropic lamina in a three-dimensional state of stress can be expressed as ͑Jones
and Q is given by Eqs. ͑45͒-͑57͒ in Appendix I.
By setting y , xy , yz equal to zero in Eq. ͑13a͒ and deriving the remaining stress components from the same equation ͑Vinayak et al. 1996͒, one gets the stress strain relationship as
and the expressions for various C matrix elements are given by Eqs. ͑58͒-͑63͒ in Appendix II. The internal strain energy can be evaluated using Eqs. ͑12a͒-͑12c͒ and ͑14a͒-͑14c͒ as
and the expansions of various D matrices are given by Eqs. ͑66͒-͑75͒, in Appendix III. The external work done of Eq. ͑4b͒ can be modified with Eq. ͑5a͒ as
This vector can now be expressed as
Now, the total potential energy can be restated with Eqs. ͑15a͒ and ͑16a͒ as
Finite-Element Modeling
The displacements within an element can be expressed in terms of its nodal displacements in isoparametric formulations as
where Nϭshape function vector ͑Appendix IV͒; and a e ϭvector containing nodal displacement vectors of an element with n nodes and can be expressed as
Similarly, the strains with in an element can be written through Eqs. ͑5b͒ and ͑12c͒ as
where, for a given node n, the strain displacement matrix can be computed as
By substituting Eqs. ͑19͒ and ͑21͒ in Eq. ͑18͒, one gets
where P C ϭvector of nodal concentrated loads of an element. Minimizing the total potential energy of Eq. ͑26͒ with respect to nodal degrees of freedom, we get the static equilibrium equation as
The external force vector of Eq. ͑27c͒ can be expressed as
and p z can either be the uniformly distributed transverse load or the central amplitude of the sinusoidal load.
Assembling the stiffness and force vectors of all elements, given by Eq. ͑27a͒, one gets the global static equilibrium of the structure, which can be solved by using any standard solver for static equilibrium equations ͑Bathe 1982͒, after applying suitable boundary conditions, and the deformations of the structure can be estimated.
Numerical Experiments
Numerical experiments have been carried out to study the performance of the HOAM. This model is first validated by comparing its results with those available in the literature, and subsequently its performance has been carefully studied for various material and geometric conditions. Details such as material properties, lamination scheme and end conditions of every problem solved, are given in Table 1 .
Validation Experiments
First, a standard beam problem is analyzed using HOAM. Results of a beam of length 10, Young's modulus of 1.05ϫ 10 7 , v of 0.25, cross-section depth of 0.125 and width of 1.2, and applied load of 10 ͑both concentrated and uniformly distributed͒ are given in Table 2 , where in HOAM can be seen to predict results quite close to analytical solutions of Gere and Weaver ͑1965͒.
A clamped-free ͑CF͒ arch with tip load ͑Fig. 2͒ and a pinched ring ͑PR͒ ͑Fig. 3͒ are analyzed with HOAM, and its results are presented in Table 3 . One can observe close correlation with exact solutions and field consistent finite element results ͑Balasubrama-nian and Prathap 1989͒.
Next, a 90°circular ring under pure bending ͑Fig. 4͒ is studied and the normalized displacements with exact solutions for different R / t ratios are presented in Table 4 . Also, a circular arch with central concentrated load ͑Fig. 5͒ is analyzed with HOAM. The predictions of HOAM are compared with exact results in Table 5 . In both cases, the HOAM computes results quite closer to exact solutions.
A quarter ring with a radial load at the tip ͑Fig. 6͒ and a pinched ring ͑Fig. 3͒ solved by Lee and Sin ͑1994͒ are modeled with HOAM for various R / t and S / t ratios-from thin to thick arch cross sections-and the results normalized with analytical solutions are given in Tables 6 and 7 . The results of HOAM agree very well with those of analytical solutions. However, the normalized deformations vary as the arch becomes thicker, primarily because the analytical solutions considered are based on firstorder shear deformation theory ͑FOST͒ of Timoshenko ͑1921͒, which does not capture the cross-sectional warping of deeper cross sections as well as the transverse normal strains, while HOAM incorporates both of them.
Three arch problems ͓Figs. 7͑a and b͒, Fig. 3͔ analyzed by Ganapathi et al. ͑1999͒ are studied by HOAM, and the results are shown in Table 8 . Close correlation with the earlier studies can be observed in this problem as well. Next, a laminated arch sector subjected to sinusoidal load ͑Fig. 8͒ is studied for various R / t ratios, where the close correlation of HOAM results with the spline based element and elasticity solution can be observed ͑Table 9͒. The pinched ring ͑Fig. 3͒ of Kulikov and Plotnikova ͑2004͒ is modeled with HOAM and one can observe the perfect match between HOAM and this reference, for various R / t ratios, in Table 10. Matsunaga's arch sector ͑2003͒ subjected to sinusoidal load 
No. Material data details Ref.
Data-1 ͑Balasubramanian and Prathap 1989͒ Data-1a ͑Fig. 2͒ 
Data-4b ͑Fig. 3͒ P C = 444.82 N ͑100 lb͒, Load on quarter ring= 222.41 N ͑50 lb͒ BC: PR Rest are the same as Data-4a Analytical:
Data-5 ͑Ganapathi et al. 1999͒ Data-5a ͓Figs. 7͑a and b͔͒ ͑Fig. 8͒ is modeled with HOAM for symmetric and unsymmetric lamination schemes as in Table 11 . The HOAM quite marginally underpredicts for unsymmetric laminates and over predicts for the symmetric laminates, compared to Matsunaga's formulation. These examples have been carefully chosen in order to capture the variation in curvature, aspect ratio, and end conditions, on the response of the arch to static loads. The accuracy and adequacy of HOAM are validated through the good agreement observed between the HOAM and the earlier works, which were reported in the literature.
HOAM Experiments
Now, different arch configurations such as quarter ring, pinched ring, and a circular arch are studied using HOAM for different laminations, loading, and end conditions. First, a clamped-free arch with a tip load ͑Fig. 6͒ is studied for various lamination schemes and aspect ratios, and the results are presented in Table 12 . In the case of symmetric and unsymmetric composites, HOAM is more flexible compared to FOST. Similarly, u 0 and w 0 predictions of HOAM for sandwich arches, are higher ͑twice or more for deeper sections͒ than those of FOST; however, the x of HOAM is lower than that of FOST. The unsymmetric configuration, for both composite and sandwich arches, is stiffer compared to its symmetric counterpart, for this problem.
Next, a laminated pinched ring ͑Fig. 3͒ is analyzed for various aspect ratios and the transverse displacements at the point of loading are given in Table 13 . The HOAM is flexible for unsymmetric composites and sandwiches compared to FOST. While HOAM is stiffer for symmetric composites with the given angle ply lay up, it becomes flexible as the lamination tends towards cross-ply configuration. Also, the order of difference is quite significant in the case of sandwiches-HOAM results are more than thrice of FOST.
Transverse deformations at the central loading point of a deep circular arch ͑Fig. 9͒ with four types of load cases and end conditions are analyzed using HOAM and compared with those of FOST in Table 14 . As one can observe, the HOAM is flexible compared to FOST and particularly for sandwiches, the order of difference is quite substantial. In the case of symmetric composites with simply supported ͑SS͒ and clamped-clamped ͑CC͒ end conditions, HOAM predicts stiffer results for the given angle ply lay up and becomes flexible as the lamination tends towards cross-ply configuration. Similarly, for clamped-free ͑CF͒ sandwich arches with central moment, we find HOAM to be stiffer than FOST; however, as the location of application of moment moves either towards the free end or the simply supported end, HOAM becomes flexible compared to FOST. On comparing the symmetric and unsymmetric laminates, one finds the unsymmetric laminates to be stiffer. However, in the case of higher-order composite arches with roller-simply supported ͑RS͒ end condition, symmetric laminates are stiffer.
The HOAM results of a circular arch under different types of loading, laminations, and boundary conditions are given in Table  15 . The CC end condition produces stiffer arch than SS end condition. RS end condition produces perhaps the most flexible system followed by CF condition. 
Parametric Studies
In order to study the influence of curvature, aspect ratio, and end conditions on the deformations, a circular arch with a central concentrated load ͑P C ͒ with Data-11c for symmetric sandwich and Data-11b for unsymmetric composite lamination, is taken up. The transverse deformations at the center of a sandwich circular arch, where the concentrated load is applied for various S / t ratios, are shown in Figs. 10-14. The CC end condition is the stiffest, followed by SS and CF, as one would expect. The arch with CC and SS end conditions demonstrates a similar response pattern: it becomes stiffer with the increase in internal angle up to 180°and thereafter becomes softer, for the same applied load. In the case of CF end condition, the structure becomes stiffer with the increase in internal angle. The responses of an unsymmetric composite arch are presented in Figs. 15-19 . The arch with SS end condition turns stiff quite steeply with the increase in the subtended angle. This internal angle at which the transition happens also changes with aspect ratio. The CC arch, which is the stiffest, also follows a similar pattern. The CF arch becomes stiffer with the increase in internal angle.
Conclusions
A higher-order arch model ͑HOAM͒ with transverse shear and normal strain components is formulated for studying the response of laminated arches under various static loading conditions. The HOAM can study shallow to deep and thin to thick arch geometries quite effectively. Through the constitutive relationship, adapted from the three-dimensional stress-strain relationship of an orthotropic lamina, even angle-ply laminates can be analyzed using one-dimensional elements. The HOAM is validated through the results of earlier investigations. Subsequently, the response of HOAM for various materials, loading, boundary, and geometric conditions are presented and also compared with those of first-order shear deformation theory ͑FOST͒ of Timoshenko. Parametric studies on symmetric sandwich and unsymmetric composite arches have been carried out to study the role of curvature, aspect ratio, and end conditions on the transverse deformations.
Appendix I. Coefficients of Q-Matrix
The stress-strain relationship at a point of an orthotropic lamina in a three dimensional state of stress/ strain can be expressed ͑Jones 1975͒, along the lamina axes ͑Fig. 
Notation
The following symbols are used in this paper: BC ϭ boundary condition; FOST ϭ first-order shear deformation theory of Timoshenko ͑1921͒; HOAM ϭ higher-order arch model; k ϭ shear correction factor= 5 / 6; M 0 ϭ moment applied on the structure; NDP ϭ nondimensionalizing parameter; and P C ϭ concentrated load; P S ϭ magnitude of sinusoidal load ͓P S sin͑⌸x / S͔͒; P U ϭ uniformly applied load; R ϭ radius of curvature; S ϭ arc length of the arch; S / t ϭ aspect ratio; t ϭ thickness of cross section; and ␤͑=S / R͒ ϭ subtended angle of an arch.
